BLM REALIZATION FOR THE INTEGRAL FORM OF QUANTUM g[„ 

QIANG FU 

Abstract. Let U(n) be the quantum enveloping algebra of gl n over Q(v), where v is an 
indeterminate. We will use g-Schur algebras to realize the integral form of U(n). Furthermore 
we will use this result to realize quantum gl n over k, where k is a field containing an Z-th 
primitive root e of 1 with I ^ 1 odd. 

1. Introduction 

It is well known that the positive part of the integral form of quantum enveloping algebras 
of finite type was realized as a Ringel-Hall algebra (see [TBJ E] ) • Using a beautiful geometric 
construction of g-Schur algebras, the entire quantum rj( n over the rational function field Q(v) 
(with v being an indeterminant) was realized by A. A. Beilinson, G. Lusztig and R. MacPherson 
(BLM) in p. 

Let U(n) be the Lusztig Z-iorm of quantum g[„, where Z = Z[u, v~ 1 ]. We will give BLM 
realization of U(n) in this paper. More precisely, We will construct a certain iJ-submodule of 
Ilr^o «^( n > r )> denoted by V(re), where <S(n,r) is the q-Schur algebra over Q(v). We will show 
that V(n) is a i?-subalgebra of Yl r>0 S(n, r) and prove in 14.41 that V(n) is isomorphic to U[n) as 
a -2-algebra. Similarly, we may construct the affine version of V(n), denoted by V&(n), which is 
a certain iJ-submodule of Yl r>0 <5 A (n, r), where S A (n, r) is the affine g-Schur algebra over Q(v). 
We conjecture that V A (n) is a ^-subalgebra of Yl r >oSjn,r). If this conjecture is true, then 
V&(n) is isomorphic to the 2-module S A (n) defined in [3J (3.8.1.1)]. 

Let A; be a field containing an l-th primitive root e of 1 with I ^ 1 odd. Specializing v to e, k will 
be viewed as a ^-module. Let Uk(n) = U(n) ®z k and Uk(n) = Uk{n) / '{K\ — l|l^i^n — 1). 
We will prove that the algebra Uk{n) can be realized as a fc-subalgebra of Y\ r ^ Sk(n, r), where 
Sk(n,r) is the q-Schur algebra over k. 

We organize this paper as follows. We recall some results of quantum g[ n and g-Schur algebras 
in §2. We will establish some useful multiplication formulas for q-Schur algebras in 13.41 and 13.51 
A certain 2-submodule of Jlr>o ^>( n > r )' denoted by V(n), will be constructed in §4. We will use 
13.41 and l3.5l to prove that V(n) is BLM realization of U{n). Furthermore, we will give realization 



of U k (n) in|M 
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Throughout this paper, let Z = Z[v,v ], where v is an indeterminate, and let Q(u) be the 



fraction field of Z. For i G Z let \i] 



rr and Uj 



N 
t 



[N][N -1]---[N -t + l] 



N 
t 



Y- For integers N,t with t ^ 0, let 
[JV][iV-lJ---[jV-i + l] 



G £ 



La„ 



where [tf = [1][2] ■■■[«] and = [1] [2] • • • [t]. For /x G Z n and A G N n let [£] = [J 

2. The quantum gl n and the q-Schur algebra 
The below definition of quantum g[ n is a slightly modified version of Jimbo [IT]; see [U I18j . 

Definition 2.1. The quantum enveloping algebra of gl n is the Q(t> )-algebra U(n) presented by 
generators 

E h Ft (1 < i < n - 1), ifj, KJ 1 (l^j^ n) 

and relations 

(a) FjFj = F,^, if^r 1 = 1; 

(b) KiEj = r' ! <- ,>; - • : /•; / /\',: 
(ri KjFj r'- — * !■)!<,: 

(d) EiEj = EjEi, FiFj = FjFi when \i - j\ > 1; 

(e) FjF,- - F,F; = 5i J ^^ J tu/iere tf< = F^ST^; 

(/) F?F,- _ ( w + v'^EiEjEi + F,Ff = u>fren |« - j| = 1; 
(5) if - (u + v-^FiFjFi + Fjif = w/ten [t - j\ = 1. 

Following [13], let C/(n) be the Z-subalgebra of U(n) generated by all E> m \ F- m \ Kf l and 
[ X J ;0 ] , where for m, t G N, 

FJ 71 



F 



(m) 



\m ■ 



F" 



m 



and 



F i; 



* F^- s+1 - Fr V-i 

s=l 



Let 0(n) be the set of all n x n matrices over N. Let ± (n) be the set of all A G 0(n) whose 
diagonal entries are zero. Let + (n) (resp., 0~(n)) be the subset of 0(n) consisting of those 
matrices ^4 with a^j = for all i > j (resp., i < j). For A G (re), write A = A + + A~ with 
A+ G 0+(re) and A~ G 0-(n). For A G 9 ± (n) let 



(2.1.1) 



F< A+ ) = [] F^ and F^ 



n 



The orders in which the products E^ A+ ^ and F^ ) are taken are defined as follows. Put 



Ma 



Similarly, put 



Mj(A + ) = F/' , : ' IF^V' ^/^ 1 '! 



)(ip( a i-2,j) ci(aj--2,j)\ 



(4 



(«lj)_gl( l,j) 



F 



'i-i 



n(ij,j-2) Ei(aj,j-a)\ piflj,j-i) 



(F^- 2 'F 



i-2 ^ j-i 
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Then E^ = M n M n _ x ■ ■ ■ M 2 and F^ A ~^ = M' 2 M' Z ■ ■ ■ M' n . According to [13, 4.5] and pH 7.8] 
we have the following result. 



Proposition 2.2. The set 



n 



forms a Z -basis ofU(n). 



K f ,0 
A; 



F( A )\Ae G ± (n), 5, A G N™, <5; G {0, 1}, Vf} 



Schur algebras are certain important finite-dimensional algebras. It is used to link representa- 
tion of general linear groups and symmetric groups. g-Schur algebras are quantum deformation 
of Schur algebras, which is defined by certain endomorphism algebras arising from Hecke al- 
gebras of type A. We now follow [3j d] to recall the definition of g-Schur algebras as follows. 
Let <S r be the symmetric group on r letters. The symmetric group & r is generated by the set 
{si := (i, i + 1) | 1 ^ i ^ r — 1}. The Hecke algebra H(r) associated with 6 r is the ^-algebra 
generated by Tj (1 ^ i ^ r — 1), with the following relations: 

(Ti + l)(Ti -q)=0, TiT i+l Ti = T i+1 T { T i+1 , T { Tj = TfTi (\i - j\ > 1). 

where q = v 2 . If w = s^s^ ■ ■ ■ s, m is reduced let T w = T^T^ ■ ■ ■ Tj m . Then the set {T w \ w G 6 r } 
forms a Z-basis for H(r). Let A(n,r) = {A G N" cr(A) := Za^ n Aj = r}. For A G A(n,r), 
let &\ be the Young subgroup of & r and let x\ = Y1 W £6 X "^( r ) = T~L( r ) ®z Q(v). The 

endomorphism algebras 

S(n,r) :=End H(r) ( x x H(r)\ S(n, r) := End K(r) ( x x H{r)\ 

^AeA(n,r) ' ^ AeA(n,r) ' 

are called g-Schur algebras. For A, fi G A(n, r) let S!\^ be the set of distinguished double 
(6a, 6^)-coset representatives. For A,/u G A(r/,r), d G ^a,^, define </>a„ e S(n,r) by 

According to [U 1.4], the set {fif^ | A, (j, G A(n,r), d G ^a,^} forms a JJ-basis for 5(n,r). 

Let 0(n,r) = {^4 G 0(n) | <r(A) := = r }' ^ ne basis for S(n,r) can also be 

indexed by the set 0(n,r), which we now describe. For 1 ^ i ^ n, and A G A(n, r) let 

According to [TOj, 1.3.10], there is a bijective map 

3 ■ {(A, d,n)\d<E & x ^, A, /i G A(n, r)} — >■ 6(n, r) 
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sending (X,d,fJ,) to A = (dkj), where a^j = \R% n dRf\ for all k, I G Z. If A,/z G A(n, r) and 
^ € ^\,/x are such that A = j(X, d, //), let 

[A] = v' dA <p d x ^ where oU = ^ <HjO, k}l . 

Then the set {[A] \ A G 0(n,r)} forms a iJ-basis for S(n,r). 

The geometric definition of g-Schur algebra was given in [IJ 1.2]. It is proved in [5j A.l] that 
the two definitions of g-Schur algebras are equivalent. According to [H 1.2,1.3], for A G A(n, r) 
and A G 0(n,r), we have 

{[A] \i\ = ro(A) {[A] if A = co(A) 

(2.2.1) [diag(A)]L4] = \ [ and [A][diag(A)] = { 1 

I otherwise; I otherwise, 

where to(A) = (J2j a hi'"' ^j a n,j) and co(A) = {Yli a i,ir-- ,J2i a i,n) are the sequences of 
row and column sums of A. 

The algebra U(n) and the g-Schur algebra S(n, r) are related by an algebra epimorphism £ r 
which we now describe. For A G =t (n), 5 G Z™ and A G N n let 

A(<5, A, r) = Yl ^ [x) [A + diag(/x)] G 5(n ' r); 

/iGA(n,r— ^(A)) 

A(<5,r)= ^ ^- 5 [A + diag(/i)] G «S(n,r), 

/iGA(n,r— o-(A)) 

where fj, .5 = Xli<i<n Mi^i- Furthermore we set 

A(M) = (i(M,r))r>oen 5 (" 1 r ); 

yl(<5) = (A(5,r))^oGn 5 ( n ' r )- 

Then by definition we have A(S) = A(5,0), where = (0, ••• ,0) G N n . For 1 < i,j ^ n, 
let -Ejj G O(n) be the matrix (a^^) with a^/ = Si ^Sji. According to p], there is an algebra 
epimorphism 

( r : U(n) -» «5(n, r) 

satisfying ( r (E h ) = E hth+1 (0,r), ^ r (K^K^ ■ ■ ■ K~t) = 0(j,r) and (r(^) = E h+hh {0,r), for 
KHn-landjGZ" 

We conclude this section by recalling an important triangular relation in g-Schur algebras. 
For A = (a S)t ) G 8(rt) and i < j, let a^A) = Y, s ^i;tzj a s,t and cr jti (A) = J2 s ^i ; t>j a t,s- Define 
A' 4 A iff cr^A') < o-ij(^) and ^(A') tr^pl) for all 1 < i < j < n. Put A' -<: A if A' 4 A 
and, for some pair with j ^ j, aij(A') < aij(A). According to [H 5.3 and 5.4(c)], we have 
the following result. 
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Proposition 2.3. For A G ± (n) ; we have 

H (a id E hth+1 )(0) ■ 11 (a hJ E h+hh )(0) = A(0) + / 

where the ordering of the products in the left hand side of the above equation is the same as in 
(|2.1.1j) and f is the Q(v)-linear combination of B(j) with B G ± (n), B -< A and j G Z n . 

3. The multiplication formulas for o-Schur algebras 

We will derive certain useful multiplication formulas for g-Schur algebras in 13.41 and 13.51 
We need some preparation before proving 13.41 and 13.51 Let ~ : Z — > Z be the ring homomor- 

phism denned by v = v^ 1 . The following impotent multiplication formulas for g-Schur algebras 

was proved in [TJ 3.4]. 

Proposition 3.1. Let l^/i^n — 1, A £ 0(n,r) and A = vo(A). Let B m = diag(A) + 
mE h;h+1 - mE h+lih+ i and C m = diag(A) - mE hjh + m E h+lth . Then in S(n,r) 



(1) [Bm] ■ [A] 



E 



J3(M) 



t£A(ra,m) 
Vu6Z, t u ^a h + lj 



for allO ^ m ^ \ h+1 , where /3(t, A) = Y,j>u a h,jt u - ^2 j>u a h+1 jt u + E u<u ' 

a h+l,u + t u 



(2) [C m \ ■ [A] 



„7(t,A) 



n 



t£A(n,m) 



u£2 



for allO ^ m ^ A ft , w/iere 7(t, A) = E^u a h+ ijt u - Ej<« a h,jt u + E u<u ' 

We also need the following formulas for Gaussian binomial coefficient (see [i~2 
Lemma 3.2. For m, n G Z, a, b G N we /iaue 

a) m= E ^-^^[Tltr-Tl; 



(2) [«] [' 



a+6— c 



0^c^min{a,6} 

Let be the partial order on N™ defined by setting, for A, [i G N n , A ^ /i if and only if \ ^ //j 
for 1 < i < n. For A, a, /3, 7 G N n with A = a + /3 + 7 let 



A 

a, /3, 7 



n 



[A, 



The above lemma immediately yields the following corollary. 
Corollary 3.3. For A, \i G N n and a, /3 G Z ra we /love 



AtgN'\/^A 

(2) [a] [°] = E ^"™[ A+ ^ 7 



76N" 



7, A— 7, LA+/x— 7J ' 
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We now use 13.11 and 13.31 to prove 13.41 and 13.51 

Lemma 3.4. For A G ± (n), A,/i G N n and 5,7 G Z" we have 



where stands for the zero matrix and 



E 

v — A j ^ v 



ro(A).( 7 +/i-j)+A.(At-j) 



ro(A) 

j 



A + n — v 
v - j, A - i/ + j, i/ 



Proof. According to (j2.2. 1[) we have 



0( 7 ,,i,r)A(<S,A,r) 



E 



(ro(A)+a).7+a.<5 



a£A(n,r—a(A)) 



'to(A) + a' 




~a~ 






.A. 



[A + diag(a)]. 



Furthermore by 13.31 we have 



'to(A) + a' 




or 






.A. 



E 





"ro(4)~ 




a 




a" 




j 








.A. 



E 



; (ro(A)+A).(/*-j)-a.(]+0 

A + M-J-/3 
./3, A-/3,M-j-/3 



ro(.4) 
j 



a 



A + m - j - /3 



Thus we conclude that 
0(7,/i,r)A(i,A,r) 



E 



ro(A).( 7 +Ai-j)+A.(/x-j) 



j,/3eN'\K M 



ro(A) 
j 



A + /x-j-/3 

/3, A-/3, 



xA(7 + «-j-j9,A + M-j-<3,r) 



The assertion follows. 



□ 



For simplicity, we set ^4(o", A, r) =0 and A(5, A) = if a^j < for some i ^ j for A G M n (Z). 

Lemma 3.5. lei 4 G 6 ± (n), 5 G Z n , A G N n , m G N and 1 < /» < n - 1. 

(1) For t G A(n, m), ^ j ^ A/,, ^ k ^ A^+i, and ^ c ^ min{^,j} 3 we sei 

at j,c,k = [^2^ + >*h ~ 3 ~ c)e h + (\ h+1 - k - tujeh+i, 



7i+l>« 



Z^lcfc = + J - c - Ah)e/j + (fc - A/j + i)e A+ i 
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and 



n, k = n 



O'hjU + tu 




~t h ' 




th+j-c 




th+1 


tu 




M - j _ 




c, t h -c, j - c_ 




.Afo+i - k 



u=£h 

where = Y,j>u,&h a h,jt u - T,j> u ,rfh+i a h+l,jt u + Y,u>^h,h+l,u<w ~ th6h + th+i$h+i + 
^jth — kth+i ■ Then we have 

(mE h ,h+i)(0)A(5,X) 

^ fj,C,k M + tuE h,U - t U E h +l,U US + at j,C,k>^ + Pj,C,k)- 



t £ A(n, m) 
< j < X h , < fe < A h+ i 
^ c ^ min{th,j} 



u^h 



u^h+1 



(2) For t G A(n, m), ^ j ^ A^+i, ^ k ^ X^, and ^ c ^ mm{th+i,j}, we set 



^2 t u + X h+l -j-cj e h+ i + lX h - k -y^tujeh, 

h+Ku ' ^ h<u ' 



and 



Pj,c,k = (th+i + j -c - X h+ i)e h+ i + (k- X h )e h 

th+i +j-c 



u^h+1 



a h+l,u + t u 




—th+1 






tu 




A+i - 3. 




c 



th 

Xh - k 



where g^ k - ^j^uj^h+i a h+i,jt u - Y.j<u,&h a h,jt u + E^,/.4-i,u< u ' + *fA ~ *ft+i<*A+i + 
2 j th+i — ktfr. Then we have 

(mE h+lih )(0)A(S,X) 



t £ A(n, m) 
0< j < A h+1 , ^ k s: A (l 
^ c ^ min{t h+ i, j} 



ujth 



u^h+1 



Proof. For simplicity, for A 6 M n (Z) with o"(A) = r, we set [A] = £ S(n,r) if Ojj < for 
some j. According to l3.1l we have 

(mE h;h+1 )(0,r)A(6,X,r) 



E » 

aGA(n,r— o-(.A)) 



LA 



E 



aeA(n,r — cr(A)) 
t£A(n,m) 



+ diag(ro(y4) + a - me h+1 )] ■ [A + diag(a) 

0(t,A+dia,g(a))+a.5-t h a h j~J 

Uy^h 











"Of 










.A. 



A + ^^£7^- ^ t u F h+lin + diag(a + t/je fc - t h+1 e fe+ i) 
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Let v = a + t^e^ — t^+ie/H-i- By 13.31 we have 

E ' 
E 









Ah 




.th. 



j)+jth 


' -th ' 


( 


'vh 








M - j_ 




th. 




. j . 



V 



Vh(>^h-j-c)+2jt h 



-t h 
Ah - j 



Vh 

th+j- c 



th+j-c 
c, t h -c, j -c 



«h + th 



a 
LA 



n 

s^h,h+l 



!(\ h+1 -k)-kt h+1 ^ h +ij [ A *h+i_ fc ] . This implies that 

E 



0<fe<A h+1 ,0<i<A h 
0^c^min{t^ ,j} 



-th 
Ah - j 



th + j- c 
c, t h - c, j - c 



th+l 




Vh 




Vh+l~ 


_X h+1 - k_ 




th+j ~ c_ 




. k . 



where x u * ck = u h (X h - j - c) + u h+ i(X h+1 - k) + 2ji fe - A% + i. Thus 
(m^ h)h +i)(0,r)A(5,A,r) 



E 



0>h,u + tu 




~t h 




tu 




.Ah ~ j _ 





n 

teA(n,ro) u ^ h 
O^j ^\ h ,0^k^ X h+1 
^ c ^ min{th , 3} 



f€A(n,r-cr(A)+t h -t h+1 ) s^h,h+l 



th+j-c 

C, *h ~C, j- C 



th+l 

Ah+i - 







z^h 




'^M-l' 


.A s . 




.th + j - c_ 




- k . 



X 



-4 + ^2 t u E h:U - ^2 t u E h+liU + diag( 



uj^h 



u^h+1 



^ /j, c ,fc ( ^ + *"^.« ~ t u Eh+i, u J + «j,c,fc> A + /?* 

A(n,m) V «7^/l 



c,kJ 



t £ A(n, m) 
0<K A h , k sS X h+1 
^ c ^ min{ih,i} 



where = /3(t, A + diag(a)) + a . 5 - t h a h + x^ c k = g^ k + v . (6 + ctj c k ). The assertion (1) 
follows. The assertion (2) can be proved in a way similar to the proof of (1). □ 



4. Realization of U(n) and U k (ri) 

We shall denote by V(n) the Z-submodule of Y\ r ^oS(n,r) spanned by {A(S, A) | A G 
G ± (n), <J £ Z", A £ N n }. Let V°(n) be the Z-subalgebra of Ilr^o r ) generated by 0(±e;) 
and 0(0, tei) for 1 < i < ra and t G N, where = (0, • • • , 0, 1, ■ ■ ■ , 0) G N n . 

i 

Lemma 4.1. The set {0(5, A) | S, A G N n , G {0, 1}, Vi} /orms a Z-tesis /or V°(n). 
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Proof. Let V (re) be the Q(u)-subalgebra of IIr>o^( n > r ) g enera ted by 0(±ej) for 1 ^ i ^ n. 
Since the set {0(j) | j G Z n } forms a Q(t> )-basis for V°(n) we conclude that V°(re) is isomorphic 
to U°(n), where U°(n) is the Q(t>)-subalgebra of U(re) generated by iiQ" for 1 ^ % ^ re. Now 
the assertion follows from [131 4.5]. □ 

We now describe several Z-bases for V(n) as follows. 

Lemma 4.2. i^ac/i of the following set forms a Z-basis for V(re) : 

(1) «8i = {0(5, A)A(O) | A G G ± (n), 5, A G N™, <5; G {0, 1}, Vi}; 

(2) 03 2 = {A(0)0((J, A) | A G G ± (n), 5, A G N n , <5; G {0, 1}, Vi}; 

(3) 03 3 = {A(5,A) | A G G ± (n), 5, A G N™, <5; G {0,1}, Vi}. 



Proof. According to 13.41 we have 

0(5, A)A(O) = v ro ^ 5+ ^A(5, A) + J] v xo(A),{S+x-j) 



to(A) 
3 



A(S-j,X-j). 



jGN",0<j^A 

It follows that V(n) is spanned by {0(5, A)A(O) | A G 6 ± (n), <5 G Z n , A G N n }. Thus by Owe 
have V(re) = span^OSi. Since the set {0(j)A(0) | A G ± (n), j G Z n } is linearly independent, 
by 14.11 we conclude that the set 03 1 is linearly independent. Hence the set 03 1 forms a i?-basis 
for V(n). Similarly, the set 032 forms a iJ-basis for V(n). It remains to prove that the set 033 
forms a iJ-basis for V(n). For A G N n and /x, 5 G 7U 1 we have 



Mi 
A; 



Mi 

A. + l 



It follows that 

A(5,X) = v K {v K+l 



-Ai-l 



+ V 



)A(<5 - cj, A + ci) + v 2Xi A{8 - 2e u A) 



-Ai-1 



)A(<5 + et, A + ei) + v ~ 2X 'A(5 + 2e,, A) 



for 1 ^ i ^ re, A G N n and 5 G Z ra . This shows that V(re) is spanned by O33. Assume 



E 



/w^(i,A) = 



Aee±(n), \,set 

S j 6{0,l},Vi 



where /a.^a G Q(v). Then 



E 

AGe±(n) 



E /a 



5,A W 



A,,5€N n 



; J eA(n,r-CT(A)) ^€{0,1}^! 

This implies that 



L4 + diag(p)] 



^ / A<5 , A A(,5,A,r) 



Age ± (n), A.56R 
«jS{0,l},Vi 



<5;G{0,l},Vi 



0. 
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for A G Q ± (n) and /i€N". It follows that 

fA,8,xO(5,X,r) = 

<5i6{0,l}.Vi 

for r ^ and A G ± (n). Thus by 14.11 we conclude that Ja,5,x = for all A, S, A. This shows 
that the set QS3 is linearly independent and hence the set 2$3 forms a 2-basis for V(n). □ 

We now use 13.41 and 13.51 to prove that V(n) is a Z-subalgebra of fT^^Q «S (n, r) . 

Proposition 4.3. V(n) is a Z-subalgebra of Or^o *^( n ' r )- Furthermore the elements 
(mE h<h+l )(0), (mE h+1)h )(0) and 0(5, A) (for m G N, 1 ^ h < n - 1, 5 € Z n and A € N n ) 
generate V(n) as a Z-algebra. 

Proof. Let V(n)i be the 2-subalgebra of Ilr^o ^( n > r ) generated by (m£ : / l) / l+ i)(0), (mE^i^) (0) 
and 0(5, A) for m e N, 1< /i < n - 1, (5 G Z" and A G N n . From El and [33] we see that 

(4.3.1) V(n)i C V(n)iV(n) C V(ra). 

So byHJit is enough to prove A(0)0(5, A) G V(n)i for A G @ ± (n), 5, A G N n with 5; G {0,1} 
(1 ^ i ^ n). We shall prove this by induction on \\A\\, where 

\\A\\ = £ (s - r)(S 2 - r + 1) q rs + £ (r - fi)(r 2 - S + 1) q rs G N. 

r<s ~ r>s " 

If \\A\\ = 0, then .4(0)0(5, A) = 0(5, A) G V(n)i- Now we assume that |j4.[ > and our statement 
is true for A' with \\A'\\ < \\A\\. According to l2.3| for A G ± (n), we have 

n KjEh,h+i)(°) ■ n (tHjE h+ljh )(o) = a(o) + f 

where / is the Q(t>)-linear combination of B(0)0(j) with B G ± (n), B ~< A and j G Z n . It 
follows that 

(4.3.2) \{ (a hJ E h , h+1 )(0) ■ ]J (a i}j E h+lth )(0) ■ 0(5, A) = A(0)0(S, A) + g 

for 5, A G N n with 5; G {0, 1} (1 < i < n), where g = f ■ 0(5, A). From fljXTJ) . IO and IO we see 
that 5 must be a iJ-linear combination of 5(0)0(7,//) with B G ± (n), 1? -< A, 7,/i G N n and 
7i G {0, 1} for 1 < i < n. Note that if B G 6 ± (n) satisfy B ^ A, then < ||4.|| (see the proof 
of [U 4.2]). Thus by induction we conclude that g G V(n)\ and hence 4(0)0(5, A) G V(n)\. The 
assertion follows. □ 

Theorem 4.4. There is a Z-algebra isomorphism ( : U(n) — > V(n) satisfying E^ 1-4 



(m^fc+iXO), F^ m) ^ (m^h+LfcJCO) and Ui <i<n K t* [T ^ °( 5 > A) /or m G N ; 1 ^ /i ^ 
5 G Z n and A G N n . 
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Proof. The maps Cr '■ U(n) — > S(n, r) induce an algebra homomorphism 

C:U(n)^ l[S(n,r) 

satisfying ((x) = (Cr(aO)r^o f° r x e U(n). From H~3l we see that £(U(n)) = V(n). Furthermore 
by 12.21 EL"2l and (|4,3.2p . we conclude that ( is injective. □ 

Remark 4.5. (1) Let V(n) be the Q(v )-subspace of rir>o^( n ' r ) s P anne d by {A(S) \ A G 
9 ± (n), 5 G Z n }. Then V(n) = V(n) (g> 2 Q(v). According to S3] and S3] we conclude that V(n) 
is a Q(f )-subalgebra of Y\ r ^ S(n,r) and U(n) = V(n). 

(2) Note that for A G Q ± (n) and A G A(n,r-a(A)) we have A(0,A,r) = L4 + diag(A)]. Thus 
from 14.41 we see that (, r (U(n)) = S(n,r), which has been proved in [61 3.4]. 

We now use g-Schur algebras over k to realize quantum g[ n over k, where A; is a field containing 
an l-th primitive root e of 1 with I 1 odd. Specializing v to e, k will be viewed as a iJ- 
module. For fieZ" and A G N™ we shall denote the image of [^] in k by [^] £ - Let Uk(n) = 
U(n) §S>z k and <Sfc(n, r) = <S(n, r) (S>^ By restriction, the map £ r : U(n) — > S(n, r) induces an 
algebra homomorphism £ r : U{n) — > S(n,r). By tensoring with the field k, we get an algebra 
homomorphism 

Cr,fc := ( r ®id: U k (n) -)• S k (n,r). 

Let 

= U k {n)/(K\ - 1 | 1 < i < n - 1). 
Since (, T ^{K\) = 1, Cr,fc induces an algebra homomorphism 

Cr,fc : E/jfc(n) -> <Sk(n,r) 

satisfying Crfc(^) = Crfc^) f° r x S U).(n). The maps Cr,fc induce an algebra homomorphism 

6c := \\Cr,k ■ U k {n) -)• Jj5 fc (n,r) 

satisfying Cfc(x) = (Cr,fc(^))r^o for a; G U k (n). For A G 0(n,r) we let [A] e = [A] ® 1 G S k (n,r). 
Similarly, for A G 6 ± (n), i 6 Z™ and A G N™, let A(5,X,r) e = A(6,\,r) ® 1 G S k (n,r), 
A(5,X) £ = (A(S, A,r) £ ) r>0 G nr^o 5 fc( n ' r ) and = ^(^°)e- From S2] and S3] we see that 

4(C4N) = span fe {A(5, A) £ | A G 9 ± (n), 5, A G N n , 5 t G {0,1}, Vf}. 

Theorem 4.6. The algebra homomorphism £ k is injective. Furthermore, the set 

<B fc := {A{O) e 0(-X,X) e | A G 9 ± (n), A G N n } 

forms a k-basis of( k (U k (n)). 



12 



QIANG FU 



Proof. We will identify U(n) with V(n) via the map £ defined in 14.41 From [4T2l and |13|, 6.4(b)], 
we see that the set 

{A(O)0(W)0(-A,A) ®1 | AG 9 ± (n), X,S G N n , ^ G {0,1}, Vi} 



forms a /c-basis for Uk(n). It follows that (k{Uk(n)) is spanned by the set 93^. Thus it is enough 
to prove that the set 53^ is linearly independent. 
Assume 

£ / A aA(0) £ 0(-A,A) £ = 



Aee±(n), agn™ 
where /a > G /c. Then for any r ^ 



•A.(m+co(A)) 



Aee±(n) AeN n 

^€A(n,r — a(A)) 



H + co(A) 
A 



[A + diag(^)] £ = 0. 



It follows that for any A G ± (n), G A(n, r — <r(A)) with r o"(A), we have 



(4.6.1) 



E f A > x£ ~ 



■A.(m+co(A)) 



AeN n 



// + co (A) 
A 



0. 



We claim that for A G ± (n) and a G N n we have 



(4.6.2) 



A.(/i+co(A)) 



AeN™ A3=o 



/i + co(A) 
A — a 



We apply induction on a (a). For A G @ (n) and /u, a G N n , we denote 



At + co(A) 
A — a 



= £ /a,a^ A - { ^ +co(A)) 

AeN", A^a 

If o"(a) = then the claim follows from ()4.6.ip . Now we assume a(a) > 0. There exist /3 G N*' 
such that a = f3 + ej. According to 13.3( 1). for A G N n with A f3 we have 



/i + ej + co(A) 
A - /3 





> + co(A)" 


- e 





_|_ g-^i Pi 1 Mi El^t^n a fe,J 



/i + co(A) 



Thus by the induction hypothesis we conclude that 

for A G ± (n) and /i G N n . It follows that gA,a,fi = for A G ± (n) and [i G N n , proving 
(|4lT2]) . 

Let A = {A G N n | /a,x f° r some A G ± (n)}. If X 7^ 0, we may choose a maximal 
element v in X with respect to ^. Then by (I4.6.2P we have 

> + co(A)" 



f Au = e I/ -(A t + co (- A )) ^ / A a£ - a -(ah-co(A)) 

AeN", X^v 



0. 
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for A G e ± (n). This is a contradiction. Thus Ja,\ = for all A G ± (n) and A € N n . The 
assertion follows. □ 

Remark 4.7. (1) Let U(gl n ) be the universal enveloping algebra of Q\ n and let U%(gl n ) be the 
Kostant Z-form of U(gl n ). Let Sq(n, r) = S(n, r) (&z Q, Uz(ri) = U (n) <g>,2 Z, where Z and Q are 
regarded as Z-modules by specializing v to 1. Let Wi(n) be the Z-submodule of Yl r ^ Sq(ti, r) 
spanned by the set {A(0,A)i \ A G &t( n )> A € According to [HI 6.7(c)], 031 and Owe 

conclude that Wz(n) is a Z algebra and Uz(gl n ) = Uz(n)/(Ki — 1 | 1 < i ^ n) = Wz(n). 

(2) Assume e = 1 € fc. Then / = 1 and Sk(n,r) is the Schur algebra over fc. Let V\4(n) be 
the /c-subspace of n r ^o'^fc( n ' r ) spanned by the set {A(0, A)i | A € B^(n), A G N n }. From (T3J 
6.7(c)] and 14.61 we see that V\4(n) is a /c-algebra and Uz(qI ti ) ®z k = Uk(n) = V\4(n). 

We end this paper with a conjecture on affine g-Schur algebras. Let A (ra) be the set of all 
Z x Z matrices A = (aij)ij^z with a^j G N such that 

(a) dij = a i+n j +n for i,j G Z, and 

(b) for every i G Z, both sets { j G Z | djj ^ 0} and {j G Z | a^j 7^ 0} are finite. 

Let Z™ = {(Ai) i6 z I Aj G Z, Aj = A;_ n for i G Z} and N£ = {(A,) i6Z G Z™ | Aj ^ 0}. For r G N let 
A (n,r) = {A G e A (n) | a(A) = r} and A A (n,r) = {A G N™ | <r(A) = r} where <r(A) = Ei^„ A * 
and a (A) = Ei^n.jez a nr For A G A A( n > r )> let diag(A) = (6 it jXi)i !je z G A (n,r). 

Let <S A (n, r) be the affine g-Schur algebra over Z. It has a normalized iJ-basis {[.A] | AG 
G A (n,r)} (see PS 1.9]). We put <S A (n,r) = «S A (n,r) ® z Q(v). 

Let 6^(n) = {A G 6 A (n) | a M = for all i}. For A G 6^(n), 5 G Z™ and A G N™ let 

A,r) = J] [*][A + diag(/x)] G «S A (n, r) 

neAn.(n,r-(r(A)) 

A(6,X) = (A(5,X,r)) r>0 e JJ^(n,r) 

where M .$ = Ei<«»M and [£] = [£]•••[£]. Let A(<J) = A(S,0), where = 
(• • • , 0, • • • , 0, • • • ) G N™. 

We shall denote by V A (n) the Z-submodule of Y\ r ^ <5 A (n, r) spanned by {A(<5, A) | A G 
9^(n), 5 G Z™, A G N™}. 

Lemma 4.8. Each of the following set forms a Z-basis for V A (n) : 

(1) {0(<5,A)A(0) I A G &t(n), S,Xe N", ^ G {0,1}, Vi}; 

(2) {A(0)0(<5,A) | A G @t(n), S,X G N™, $ G {0,1}, Vi}; 

(3) {A(<5,A) | A G 9^(n), 5, A G N™, <5< G {0,1}, Vi}. 



Proof. The assertion can be proved in a way similar to the proof of 14.21 



□ 
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According to 14.31 is a iJ-subalgebra of Y\ r ^ S(n, r). Thus, it is natural to formulate the 
following conjecture. 

Conjecture 4.9. V A (n) is a Z-subalgebra of Y\ r >o <5 A (n, r) . 

Remarks 4.10. (1) According to |5], Conjecture 14.91 is true in the classical (v = 1) case. 

(2) Let Va(^) be the Q(u)-subspace of Ilr^o ^( ra > r ) s P anne d by all A(5) for A € A (n) and 
5 € Z7\ It is conjectured in [3 5.5(2)] that V&(n) is a Q(w)-subalgebra of Yl r >oS^(n,r). From 
14.11 and [4.81 we see that V A (n) = V A (n) ®Q(w). Thus if Conjecture 14.91 is true, then we conclude 
that V A (n) is a Q(w)-subalgebra of Y\ r >oS^(n,r). 

(3) If Conjecture 14.91 is true, then by [21 3.7.3] we conclude that the conjecture formulated in 
[21 3.8.6] is true and V A (n) is isomorphic to S) A (n), where S) A (n) is a certain iJ-module defined in 

m (3.8.1.1)]. 
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